The generalized varying coefficient partially linear model (GVCPLM) enjoys the flexibility of the generalized varying coefficient model and the parsimony and interpretability of the generalized linear model. Statistical inference of GVCPLM is restricted with a condition that the components of varying and constant coefficients are known in advance. Alternatively, the current study is focused on the structure's identification of varying and constant coefficient for GVCPLM and it is based on the spline basis approximation and the group SCAD. This is proved that the proposed method can consistently determine the structure of the GVCPLM under certain conditions, which means that it can accurately choose the varying and constant coefficients precisely. Simulation studies and a real data application are conducted to assess the infinite sample performance of the proposed method.
Introduction
Semiparametric regression models have received great attention in many contemporary statistical studies because it combines the flexibility of nonparametric regression and the parsimony and interpretability of parametric regression. Considering a general specification of semiparametric models, the generalized varying coefficient partially linear model (GVCPLM) is investigated as an extension of the generalized linear model (McCullagh and Nelder, 1989) [22] and the generalized varying coefficient model (GVCM) (Hastie and Tibshirani 1993[4] ; Cai, Fan, and Li 2000 [2] ).
Let Y be a response variable and its conditional expectation given by the covariate T and X = (X 1 , X 2 , . . . , X p ) is defined via a known link function g,
where S 1 and S 2 are mutually exclusive and complementary subsets of {1, . . . , p}, {β j , j ∈ S 1 } are the regression coefficients of covariates, and {γ j (T ), j ∈ S 2 } are unspecified smooth functions. The index variable T is a variable related to time or age in various research fields and it's interaction with other predictors is very important. We assume T ∈ [0, 1] for simplicity. The variance of Y is a function of the mean, that is,
where V (·) is a known function. A lot of research work on variable selection and estimation for the GVCPLM has already been done such as Lam and Fan (2008) [12] , Li and Liang (2008) [14] , Lu (2008) [21] , and Hu and Cui (2010) [5] . When the link function g is identity then the GCVPLM can be simplified into the semiparametric partially linear varying coefficient model (Li et al. 2002[13] ; Xia, Zhang and Tong 2004 [29] ; Ahmad, Leelahanon and Li 2005 [1] ; Kai, Li and Zou 2011 [11] ; Li, Lin and Zhu 2012 [16] ).
It is worth mentioning that all the existing results are based on an important precondition that the linear part and the varying coefficient part are known in advance. However, this condition is usually unreasonable because in real application it is not clear whether the regression coefficients are dependent on the index variable or not. Statistically, treating constant coefficients as varying reduces estimation efficiency. Cai, Fan, and Li (2000) [2] determined constant coefficients based on the hypothesis testing. For the varying coefficient model, Xia, Zhang and Tong (2004) [29] developed a cross-validation procedure for judging constant and varying coefficients. Hu and Xia (2012) [6] developed a shrinkage method based on the adaptive Lasso to identify the constant coefficients. Structure's identification in both additive and varying-coefficient models have been studied by many researchers (Zhang, Cheng and Liu 2011 [30] ; Tang, et al. 2012 [25] ; Wang and Kulasekera 2012 [26] ; Lian, Chen and Yang 2012 [18] ; Lian, Liang and Ruppert 2015 [20] ; Lian, et al. 2014[19] ). This work is motivated from the studies of Huang et al. (2012) [8] and Wang and Song (2013) [28] . Huang et al. (2012) [8] proposed a semiparametric model pursuit method for determining the linear and nonlinear effects in covariates for the partially linear model. Wang and Song (2013) [28] studied the identification of varying coefficients and constant coefficients for partially linear varying coefficient models using the group SCAD. Both of them used the profile least squares method to study the theory. Our work is a natural extension of Wang and Song (2013) [28] to more general types of responses using the quasilikelihood. In addition, the proof of theocratical studies with quasi-likelihood is a challenging job.
Therefore, in this paper, we focused on the identification of the varying coefficients and constant coefficients of the GVCPLM, which can be embed into a GVCM. Using the spline method to estimate the varying coefficients, we transform the identification of the structure of the GVCPLM into a group variable selection problem. We apply the group smoothly clipped absolute deviation (SCAD) penalty to identify the varying coefficients and the constant coefficients. Under some regular conditions, we prove that this method can consistently determine the structure of the GVCPLM, which means that it can accurately choose the varying coefficient components and the constant components. Furthermore, we demonstrate the convergence rate of the oracle estimator when the true model is known in advance. Simulation studies are conducted to evaluate the finite sample performance of the proposed method. The applicability of the proposed method is illustrated through a real data analysis on Burn Data (Cai, Fan and Li, 2000[2] ).
The rest of the paper is organized as follows. Section 2 proposes the group SCAD approach and gives the theoretical results. Section 3 illustrates the performance of the proposed approach by simulation studies and a real data analysis. Some concluding remarks are presented in Section 4. The technical details are provided in the Appendix.
Identification for the GVCPLM via Penalty
The observed data for the ith subject or unit is (X i , T i , Y i ), i = 1, 2, . . . , n, where X i = (X i1 , X i2 , . . . , X ip ) . The GVCPLM can be embedded into the GVCM (Hastie and Tibshirani, 1993[4] )
If some of φ j , s are constants, then the model (2.1) becomes the GVCPLM (1.1). Therefore, our target is to determine which φ j , s are constants and which are not. We decompose φ j into a constant component and a function component, that is, φ j (T i ) = β j + γ j (T i ). For the unique identification of the β j and γ j (T i ), we assume that Eγ j (T i ) = 0. Obviously, this decomposition is unique with β j = Eφ j (T i ) and
Denote S m as the space of splines of degree m at all knots. The function s in this space possesses the following properties (Schumaker (1981) [24] , page 108, definition 4.1):
There exists a normalized B-spline basis function {B k (t), 1 ≤ k ≤ q n } of S m , where q n = M n + m, is the dimension of the space. Hence, for any γ nj ∈ S m , we have
Under reasonable smoothness conditions, the function part γ j can be approximated by the spline functions in S m . If α jk = 0 for 1 ≤ k ≤ q n , then φ j is a constant. Thus the problem becomes variable selection of groups {α jk , 1 ≤ k ≤ q n }.
Approach.
Here, only the conditional mean and variance of the response are specified, so the usual likelihood is not available. We apply the (negative) quasi-likelihood function, which is defined by
and the negative quasi-likelihood of the collected data {(
where β n = (β n1 , . . . , β npn ) , α n = (α n1 , . . . , α npn ) with α nj = (α j1 , . . . , α jqn ) .
Here p n indicates the dependence of p on n. Consider the penalized quasi-likelihood objective function
where α nj Aj = (α nj A j α nj ) 1/2 and A j = (a kl ) qn×qn is a matrix with entries
In this paper, we apply the SCAD penalty advocated by Fan and Li (2001) , which is defined by the derivative p λ (θ) = λ{I(θ ≤ λ) + I(θ > λ)(aλ − θ) + /[(a − 1)λ]} with a > 2 and (t) + = tI(t > 0). As suggested by Fan and Li (2001) [3] , we use a = 3.7. Denote λ by λ n to emphasize the dependency of λ on n.
Define s = (
, whenever the integral exists. For any square matrix G, denote the smallest and largest eigenvalue of G as ρ min (G) and ρ max (G), respectively. For convenience, let X = (X 1 , . . . , X n ) , where
The minimizer of (2.3) is defined by ( β n , α n ) = arg min βn,αn L(β n , α n ; λ n ). Thus the estimator of
The set of indices of coefficients that are estimated to be constants in the regression model (1.1) is S 1 {j : α nj Aj = 0}. Then we have
Hence, for j / ∈ S 1 , φ nj (t) = β nj + γ nj (t) and for j ∈ S 1 , φ nj (t) = β nj .
Asymptotic Results.
Let µ be a non-negative integer and υ ∈ (0, 1] such that r = µ + υ > 0.5. Let H be the class of functions h on [0, 1] whose µ-th derivative h (µ) exists and satisfies a Lipschitz condition of order υ, |h
where C is a positive constant. The order of the polynomial spline m ≥ µ + 1.
In order to study the consistency of the identification for the GVCPLM and the convergence rate of estimators of varying coefficients, we first define the oracle estimator. Denote the true value of the varying coefficient φ j (t) by φ 0j (t), and φ 0j (t) = β 0j + γ 0j (t). Let β 0 = (β 01 , . . . , β 0pn ) and γ 0 (T i ) = (γ 01 (T i ), . . . , γ 0pn (T i )) , for i = 1, 2, . . . , n. We have γ 0j 2 = 0 for j ∈ S 1 . Let k n be the cardinality of S 1 , the number of linear components in the model. Let d n be the cardinality of S 2 , the number of varying coefficients in the model with k n + d n = p n . Suppose that γ 0j (t) ∈ H, j ∈ S 2 . For j ∈ S 2 , according to the condition (A1) and Corollary 6.21 in Schumaker (1981) [24] , there exists a vector
They are the oracle estimators of β n and α n assuming the constant coefficients were known in advance. Let
n)
. We should note that the oracle estimator can not be obtained in application. Here, we use it to study the theoretical properties. Hence, the oracle estimator of γ j (t) is
where
To give the asymptotic results, the following regularity assumptions are used.
(A1) The covariate T has a continuous density and there exist constants C 1 and C 2 such that the density function f of T satisfies 0
and infinity. (A3) The eigenvalues of X X/n are bounded away from zero and infinity. The eigenvalues of
where two sequences a n b n means a n = o(b n ).
Conditions (A1-A5) are regular conditions in the studies about semiparametric statistical inference (Lam and Fan, 2008[12] ; Huang, Horowitz and Wei 2010 [7] ; Lian, 2012 [17] ). From the condition (A3), it is easy to know that all eigenvalues of q n Z Z/n are bounded away from zero and infinity (Lemma A.1 in Huang, Wu and Zhou, 2004 [9] ). Conditions (A6) and (A7) seem to be complex, we discuss them carefully. Suppose that an optimal q n = O(n 1/(2r+1) ), p n = O(n c1 ) and d n = O(n c2 ) for some 0 < c 2 < c 1 < 1. Then the condition (A6) becomes 2c 1 < 1, c 1 + 2c 2 < 2r/(2r + 1) and 3c 2 < (2r
for some constants M > 0 and c 3 ≥ 0, λ n = n −c4 with c 4 > 0, then the condition (A7) becomes
which is equivalent to c 3 < c 4 < min{(1 − c 1 )/2, r/(2r + 1) − c 2 }.
Theorem. Suppose that conditions (A1-A6) hold, then we have
n . It suffices to show that for any given > 0, there exists a large constant C such that Pr inf
where u = (u 1 , u 2 ) with u 1 being p n × 1 vector and u 2 being d n × 1 vector . (2.4) implies that with probability at least 1 − , there exists a local minimum in the ball {β 0 + δ n u 1 : u 1 ≤ C}. That is, there exists a local minimizer such that β n − β 0 = O P ( p n /n + p n q −r n ). Due to the convexity of n (·), β n is the global minimizer. Similarly,
where m * i is between m 0i and m 0i + δ n W i u.
where P W = W(W W) −1 W is a projection matrix. By the condition (A3), it is easy to show that all the eigenvalues of W W/n are bounded away from zero and infinity. Hence, Wu 2 = O(n u 2 ). In addition,
where Xγ 0 (T ) = X 1 γ 0 (T 1 ), . . . , X n γ 0 (T n ) . By the condition (A4), we have
n ), and
, by the condition (A3), we have
For I n3 , by the condition (A6), we have
Hence, I n2 dominates all of the items uniformly when a sufficiently large C is chosen. As I n2 is positive, this completes the proof of Theorem 2.1. Next, we prove
This theorem gives the convergence rate of the oracle estimator. If p n is bounded, each component in (2.1) is second order differentiable (r = 2) and take q n = O(n 1/5 ), then the convergence rate in Theorem 2.1 is n −4/5 , which is the optimal convergence rate in nonparametric regression.
2.2. Lemma. Suppose that 1/(q n (a − 1)) is less than the smallest eigenvalue of
is the solution of (2.3) if and only if
This lemma is a direct extension of Theorem 1 in Kim et al. (2008) [10] to the case of quasi-likelihood. Thus, we omit the proof of this lemma.
Theorem. (Selection Consistency)
. Suppose that 1/(q n (a − 1)) is less than the smallest eigenvalue of
Consequently, Pr( S 1 = S 1 ) → 1.
Proof. Since 1/(q n (a − 1)) is less than the smallest eigenvalue of
3) is a convex function, so we only need to show that ( β n , α n ) satisfies equations (1)-(3) of Lemma 2.2. By the definition of ( β n , α n ), it is easy to know (1) holds, and n i=1 q 1 (X i β n +Z i α n , Y i )Z ij = 0 for j ∈ S 2 . Next, we verify α nj Aj ≥ aλ n , for j ∈ S 2 . In fact,
By the condition (A7), we have min j∈S2 γ 0j (t) 2 λ n and γ nj (t) − γ 0j (t) 2 λ n , so (2) holds.
Since α nj Aj = 0, for j ∈ S 1 , so α nj Aj < λ n , for j ∈ S 1 . Furthermore, 
For II n2 , by conditions (A2), (A3) and (A4),
Similarly, we obtain II n3 = o P (nλ n ). Hence (3) holds.
This theorem shows that the proposed estimator can correctly distinguish constant effects and varying effects with probability approaching 1. Hence, the proposed estimator enjoys the oracle property in the sense that it is the same as the oracle estimator assuming the identity of constants and varying coefficients were known in advance.
Computation.
To solve the minimizer of (2.2), we use the local quadratic approximation (LQA) proposed by Fan and Li (2001) [3] . For a given u 0 = 0, the penalty function can be locally approximated by a quadratic function as
More specifically, we take the initial value α 0 nj with α 0 nj Aj > 0, j = 1, . . . , p n . The penalty term can be approximated as
Hence, removing the irrelevant constants, (2.2) becomes
The Newton-Raphson iterative algorithm is used to find the solution.
Several tuning parameter's selection procedures are available in the literature such as cross-validation, generalized cross-validation, AIC and BIC. As Wang, Li and Tsai (2007) [27] ,Huang, Wei and Ma (2012) [8] , and Li, Xue and Lian (2012) [15] , we use BIC (Schwarz, 1978[23] ) to select the tuning parameter for each method. The BIC is defined by
where (β n ,α n ) is the minimizer of the equation (2.2) for a given λ and df λ is the number of varying coefficients.
Numerical Examples
To examine the finite sample performance of the proposed method, we conduct simulation studies for the logistic regression model and Poisson regression model. We also present an analysis of a real data. Example 1. In this example, we generate the data from the following model
where x i = (X ij , j = 1, . . . , p n ) with X ij being generated from standard normal distribution N (0, 1). The index variable T i is uniformly distributed over [0, 1] . We consider p n = 4 and 6. When p n = 4, the true coefficients
i −4T i and β 4 (T i ) = 2 sin(2πT i ). Thus, the number of constant coefficients is 2 and the number of varying coefficients is 2. When p n = 6, the true coefficients
That is, the number of constant coefficients is 4 and the number of varying coefficients is 2. In the following simulation, we use cubic B-spline to approximate each function. As suggested by Lian (2012) [17] , we fix the number of basis functions with q n = 5. The sample size n is set to be 500, 600 and 700. For each case, 100 replications are conducted.
The simulation results are presented in Tables 1-3 . We compare the performance of the SCAD and Lasso. Table 1 shows the number of times each component selected as a varying coefficient based on 100 replications. Table 2 gives the average number of varying coefficients being selected (NVC) and the average number of true varying coefficients being selected (NTVC). In Table 3 , we present the root mean squared errors for all component functions, which is defined by RM SE(j) = 1 1000
where {t i , i = 1, . . . , 1000} is a grid equally spaced on [0, 1]. Enclosed in parentheses are the corresponding standard errors.
From Table 1 and Table 2 , we can make the following observations: Table 1 shows that the group SCAD was more accurate than the group Lasso in identifying the varying coefficients and the constant coefficients. Table 2 indicates that the group SCAD seems to select less number of varying coefficients than the Lasso especially for the smaller sample size. The reason may be that the Lasso always tends to keep more variables. In Table 3 , we can see that, the proposed method with the group SCAD has the smaller mean square errors than the group Lasso for the constant coefficients, and is similar with the oracle estimator. It is valuable to note that both the group SCAD estimators and the group Lasso estimators of the varying coefficients could outperform the oracle estimators for the varying coefficients. This can be explained by that some shrinkage is beneficial to reducing overfitting and improving stability. Overall, the proposed method with the group SCAD is effective in distinguishing the constant coefficients from the varying coefficients in the simulation models. Figure 1 shows the estimated varying coefficient functions along with the true function components from the group SCAD and group Lasso. The estimated coefficient functions are computed based on the mean of α n in 200 runs when n = 700 and p n = 4. We can see that the SCAD performs better than the Lasso. Table 1 . Number of times each component was selected as a varying coefficient in the 100 replications for the logistic model. 6  4  500  SCAD  5  2  48  100  Lasso  18  24  89  98  600  SCAD  4  0  54  100  Lasso  22  27  95  100  700  SCAD  2  2  58  100  Lasso  21  31  98  100  6  500  SCAD  3  1  4  0  30  91  Lasso  2  6  4  4  65  83  600  SCAD  2  1  2  0  31  97  Lasso  3  5  1  6  76  89  700  SCAD  0  0  0  0  46  99  Lasso  2  5  2  7 88 97 
. . , n. We set p n = 4 and 6. For p n = 4, let
The other aspects of the simulation set-up are the same as in Example 1. The simulation results for this example shown in Tables 4-6 demonstrate a similar effect as that of Example 1. Figure 2 shows the estimated varying coefficient functions along with the true function components from the group SCAD and group Lasso. The estimated coefficient functions are given based on the same setting of Figure 1 . We can see that β 3 (·) is under fitting for both the SCAD and Lasso. However, the estimations of β 4 (·) are very close to the true curve. the variable T in this application represents age and three covariates were considered including X 1 = sex, X 2 = log(burn area +1), binary variable X 3 = oxygen (0 normal, 1 abnormal). We scale the covariate T to [0, 1]. The intercept term is Cai, Fan and Li (2000) [2] gave the analysis about this data. They obtained that the coefficient functions φ 1 (T ) and φ 3 (T ) were independent of age. This result is the same as that given by the SCAD in this paper. Figure 3 plots the estimated coefficient functions of φ 0 and φ 2 from the group SCAD and group Lasso approaches.
To examine the prediction performance of the SCAD and Lasso, we randomly chose 700 observations as training data to fit the model, and the remaining 281 observations are used as test data. This whole process is repeated 100 times. The prediction accuracy of these two methods are shown in Figure 4 . From the box plots in Figure 4 , we can see that the SCAD method performs better than the Lasso method. Figure 3 . Plots of the estimated coefficient functions of φ0 and φ2 using group SCAD (dashed,green) and group Lasso (dotted, blue). 
Conclusions
In this paper, the structure of the GVCPLM is identified using the group SCAD and it is proved that the varying coefficients and constant coefficients can identify consistently with probability tending to one under certain regularity conditions. Furthermore, the convergence rate of the proposed estimator is obtained and the model selection is considered only.
